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String versus Einstein frame in an AASCFT induced quantum dilatonic brane-world universe
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An AdS/CFT induced quantum dilatonic brane world where the 4D boundary is flat or a de (Biff@r
tionary) or anti—de Sitter brane is considered. The classical brane tension is fixed but the boundary QFT
produces the effective brane tension by means of the account of corresponding conformal anomaly induced
effective action. This results in inducing brane worlds in accordance with the AdS/CFT setup as warped
compactification. The explicit, independent construction of quantum induced dilatonic brane worlds in two
frames, the string and Einstein frames, is done. Their complete equivalency is demonstrated for all quantum
cosmological brane worlds under discussion, including several examples of classical brane-world black holes.
This is different from quantum corrected 4D dilatonic gravity where a de Sitter solution exists in the Einstein
but not in the Jordasstring) frame. The role of quantum corrections in massive graviton perturbations around
an anti—de Sitter brane is briefly discussed.
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[. INTRODUCTION (including quantum gravityon the brane one adds its con-
tribution (the corresponding conformal anomaly induced ef-
Brane worlds are an alternative to standard Kaluza-Kleirfective action to the total action. As a result, it changes the
compactification. They naturally lead to the following nice brane tension; the quantum induced brane world occurs as
features of multidimensional theory: trapping of 4D gravity has been discovered in Ref$,6]. Actually, this represents
on the brand1], resolution of the hierarchy problem, and the embedding of warped compactificatidomane world$ to
possibly the resolution of the cosmological constant probthe AdS/CFT correspondence; hence, one gets AAS/CFT in-
lem. Different aspects of brane-world cosmold@yr a very  duced quantum brane worlds,6] where the 4D boundary
incomplete list of references s€2,3]) are under very active may be flat or de Sitter or anti—de Sitter spacetime. This is
investigation. clearly the dynamical mechanism to get a curved brane
The essential element of the original brane-world modelsvorld. It is easily generalized for the presence of a nontrivial
is the presence in the theory of two free parametarbulk  dilaton; i.e., AdS/CFT induced quantum dilatonic brane
cosmological constant and brane tension, or brane cosmavorlds occur[7]. In other words, brane worlds are the con-
logical constant These parameters are fine-tun@gp to  sequence of the presence of quantum fields on the brane in
some extentin order to construct a successful classicalaccordance with the AdS/CFT setup. Moreover, such induced
brane world. This is the most standard prescription whichdilatonic brane worlds are even more related to the AAS/CFT
may be not completely satisfactory if one wishes to have a@orrespondence as 5D dilatonic gravity represents the
dynamical mechanism of brane tension origin. bosonic sector of 5D gauged supergravipecial parametri-
From another side, one can fix the classical action orzation. Even more, the dynamical determination of the 4D
AdS-like space from the very beginning with the help of dilaton occurs.
surface terms added in accordance with the AdS conformal In the study of quantum induced brane worlds, in the
field theory (CFT) correspondenc@4]. Such terms should same way as for any other dilatonic gravity the following
make the variational procedure well defined and also theyuestion appears: which frame to work with is the physical
should eliminate the leading divergence of the action. Bran@ne? There are two convenient frames: the sttargJordan
tension is not considered as a free parameter anymore butfitame where scalar curvature explicitly couples with the di-
is fixed by the condition of the finiteness of spacetime wherlaton and the Einstein frame where scalar curvature does not
the brane goes to infinity. In this case, as parameters are fixaghuple with the dilaton. Basically speaking, one should ex-
a consistent brane-world scenario is impossible, as a rulgect that results obtained in these two frames are not equiva-
However, other parameters may improve the situation whetent.
quantum effects are taken into account. Taking quantum CFT Indeed, in quantum field theolfQFT) the choice of dif-
ferent variables andor) form of action corresponds to dif-
ferent parametrizations. QFT results are parametrization de-
*Electronic address: nojiri@cc.nda.ac.jp pendent; only theS matrix is gauge and parametrization
"Electronic address: octavio@ifug3.ugto.mx independent[Even the quantization proceduft®r review,
*On leave from Tomsk State Pedagogical University, 634041see[8]) is parametrization dependehfs usually the con-
Tomsk, Russia. Electronic address: odintsov@ifug5.ugto.mx sideration is one loop, one should expect in many cases an
$Electronic address: vladimir@ifug3.ugto.mx explicit parametrization dependence. Moreover, it is known
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that even for classical dilatonic gravity(aingulay solution

may exist in only one parametrization. Hence, the question S=J’ d*xV—9(x)
of frame dependence should be carefully analyzed for all

solutions at hand. This is the main purpose of the present

work: to compare string frame quantum induced dilatonic +exp(Ad)Ly(9) |, ®)
brane worlds with their analogues in the Einstein frame.

In the_next section.as a simple example! 4D d"atonicwhereA:—s[ 7GI(2w+ 3)]. It is expected that these two
(Brans-Dickg theory with largeN quantum spinor correc-  etions(at least for regular solutionshould lead to equiva-

tions is considered. In the Einstein frame where the spinor ifent results. However, an explicit consideration shows that it
the dilaton coupled one a de Sitter universe solution withis not always sdfor a review, sed9]). That is why it was
decaying dilaton exists. Working with the same theory in theargued in Ref[9] that it is the Einstein frame which is the
string (Jordan frame where the spinor becomes minimal, physical one. Of course, such a state of affairs is not satis-
one finds that the above solution does not exist. Hence, it ifactory.
shown that two frames in 4D dilatonic gravity with quantum  In quantum field theory the choice of different variables
corrections are not equivalent. corresponds to different parametrizations. It is known that

In Sec. Ill we consider the 5D dilatonic gravity action generally speaking it leads to parametrization dependent re-
with 4D boundary terms induced by a conformal anomaly ofsults: it is only theS matrix which should be the same in
the brane, the dilaton coupled spinor. Explicit examples of ddlifferent parametrizations. Of course, this should be true
Sitter, flat, and anti—de Sitter dilatonic branes are constructe@nly in a complete theory where an account of all loops is
in the Einstein frame. The dynamical mechanism to detertaken. As usually the consideration is one loop, one should
mine the dilaton on the brane is presented. In Sec. IV th&XPect a parametrization dependence already at one loop.
same investigation is done in the string frame. The brane Let us consider an e_pr|C|t example_ in the Einstein frame
spinor is now minimal. The same AdS/CFT induced quantunVhere quantum corrections are taken into account. As a mat-
brane worlds are proved to exist. Hence, for quantum cort€’ Lagrangian we take the one associated \tmassless
rected cosmological dilatonic brane worlds one has thdDirac) spinors, i.e.Ly=3{,¢;y"V 4. There is no prob-
equivalence of string and Einstein frames. lem to add other types of mattésay, scalar or vector fielgls

In Sec. V the equivalency of the string and EinsteinThe above choice is made only for the sake of simplicity.
frames is demonstrated for a number of classical dilatonic We shall make use of the effective acti@®A) formalism
brane-world black holes. In Sec. VI some remarks on thdfor an introduction, see[10]). The corresponding 4D
massive graviton modes around the dilatonic ABne are anomaly induced EA for dilaton coupled scalars, vectors, and
made. The role of brane quantum corrections for massivépinors has been found in Ref1].
graviton modes is clarified. A brief summary and some out- Hence, starting from the theory with the actioro clas-

R 1._ . <
676 2 (Vud®)(V ®)

look are given in the final section. sical background spinors
II. JORDAN AND EINSTEIN FRAMES FOR 4D QUANTUM S:J' d4x\/—_g R _ E(V $)(VE )
CORRECTED DILATONIC GRAVITY 16nG 2" *#

In the study of dilatonic gravities the interesting question N _
appears, which frame among the few possible ones is the +exp(A¢>)Z Py Y
physical one? Basically speaking, there are two convenient =t
frames to work with: the stringor Jordan frame and the we will discuss Friedmann-Robertson-Walk&RW-) type
Einstein frame. These two are related by conformal transforeosmologies:
mation. The best known example is provided by standard ) 5 1o
Brans-Dicke theorywith mattey. The four-dimensional ac- ds’=—dt*+a(t)*dI?, ®)
tion in the Jordan frame is

: 4

wheredI? is the line metric element of a three-dimensional

flat space.
1
SBD:FJ d*x /_g HR— f(vM(ﬁ)(qug) +Sy, The computgtion.of the anomaly induced EA for the dila-
4 ¢ ton coupled spinor field has been don¢id], and the result,

(1) in a noncovariant local form, reads

where ¢ is the Brans-Dickeddilaton) field with » being the o

coupling constant an&,, is the matter action. W=f d4X\/—_§[ bFo,+2b" oy
Performing the following conformal transformation and a

redefinition of the scalar field,

~ ~ 2w+3
gMV=G¢gM,,, b= mln(&ﬁ), 2w+3>0,

one gets the action in the Einstein frame: (6)

2+ 2RT, T,

2— 1 — — — 2
—§RD+§(V“R)VM oq1+b Ul(G—§DR>

1 L _ _
) _1_8(b+b,)[R—6DO'1_6(V,u0'1)(v'u0'1)]2]’
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whereo;= o+ Ag¢/3, the square of the Weyl tensor is given and Einstein frames in 4D dilatonic gravity with quantum

by F=R,,,.R¥"?7—2R, R+ (1/3)R?, and the Gauss- corrections are not equivalent. Different parametrizations
Bonnet invariant is G=R,,,,R*""7—-4R R+ R2.  lead to different resultparametrization choice dependence
For Dirac spinord=3N/60(4)2, b’ = —11N/360(4)2. The physical results are expected to be the same only for the

Then we find the following Einstein frame, quantum cor- S matrix in the full theory(nonperturbative regime
rected solution whose metric is expressed in the Jordan
frame as lll. INFLATIONARY DILATONIC BRANE-WORLD
UNIVERSE IN THE EINSTEIN FRAME
ds3=a3(n)(—dn?+di?),

In this section we present a review of quantum induced
dilatonic brane worlds found in Ref7]. The model is dis-

aj(n)=exp| ————=|a%(p)=ayn %, cussed in the Einstein frame and using Euclidean notation.
2w+3 This scenario represents an extension to the nonconstant di-
16G laton case of the earlier scenario of Rdf5,6] where quan-

tum brane worlds were realized in frames of the AdS/CFT
correspondence by adding quantum CFT on the brane to the

_ 1 167G +1 effective action.
o 2H; Y 2w+3 We start with the Euclidean signature actiSrwhich is
the sum of the Einstein-Hilbert actid®:y including the di-
1 laton ¢ with potential V(¢)= 1212+ d(¢), the Gibbons-
= Hawking surface ternSg;, and the surface counterte/®y,*
20+3 ° 2 ° 20+3 !
V2w+3) — —\2w+3* \/ — +3)— =
0TI TV N g2t g S=Serr+ Saut 25, 1
+1

1 1 12
81 6 Sen= 1677Gf dSX\/g(s)( Ris)— §VM¢V”¢+ |—2+(I)(¢)),

1
— A= . 7
8 V64 20+3 @ (12

Herea, is an arbitrary constant. On the other hand, one find 1 4y [T ap
the dilaton fieldg; in the Jordan frame as San= g7G) 4V9@V.u", (13
— 1
¢:¢077(1/H1)[\°‘1611-G/(2w+3)]:¢0772(§71)’ bo= . 1 f 6 |
aoG =———| d*/ —+—
0 @ S 167G d*Vg(a Pt 4CD(¢) : (14)

Let us analyze the equations of motion in the Jordan framejere the quantities in the five-dimensional bulk spacetime
(for the form of the transformation to the string frame seeare specified by the sufficé§) and those in the boundary
Sec. ). The variations overp and o give the following  four-dimensional spacetime are specified (By. The factor
equations: of 2 in front of S in Eq. (11) is coming from the fact that we
have two bulk regions which are connected with each other

60"+ /220 wd)’zezg ¢'e” by the brane. It is clear that the above representation corre-
0=6(c"+0"%)e”~ pe —20 6 | ©) sponds to the Einstein frame. In E(L3), n* is the unit
vector normal to the boundary.
2 w¢,2
_ " 12 o
0= 15, |8(c"+a' )+ ) )ez A. Bulk solutions
6(27)" — 12 o' )’ In this subsection, we find some explicit solutions in the
+ +4b' 6" —4(b+b') bulk space.
16m We now assume a metric in the form
X{(O'”—0"2)”"’2(0'/(0'”—0',2))/}. (10)
Here '=d/d». We can check that the solutidi) and (8) We use the following curvature conventions:
does not satisfy Eq9). If the solution in the Jordan frame R=g“R,,,
were equivalent to that in the Einstein frame even at the R —R .
guantum level, we should havwe,= o ;=Ina; but we have um ";”’ N RN
o1=0+A¢/3=0—-4/3InG¢;ando;=0—1/2InGe¢;. This Ruov= "Ll Ty~ Tyt T

is the origin of the inequivalence. Thus, it is demonstrated

1
N — _ " —
that for the universe model under consideration the Jordan T 29 (Gurnt Ohou= G )

043505-3



NOJIRI, OBREGON, ODINTSOV, AND TKACH

3

dszzf(y)dy2+y'zo gi;(x)dx dxJ, (15)
I,]=

and¢ depends only og: ¢= ¢ (y). Here@ij is the metric of

the Einstein manifold, which is defined b)ﬁzk@ij , where

rij is the Ricci tensor constructed W@ﬂj andk is a constant.
Then we obtain the following equations of motion in the

bulk:
0_3 2kf 1/d¢\? [6 1@ . 16
=2y Taldy) lirt2 (¢)|f, (16
i(y—zdi Pyt 17
dy\ Jf dy '
It is convenient to introduce the new coordinate
z=f dyvi(y). (18

By solving y with respect toz, we obtain the warp factor
|2eA(zK =y(z). Here one assumes the metric of five-

dimensional spacetime as follows:
ds?’=dZ2+ A9, dx* dx”,

9., dx* dx'=1%(do?+dQ3), (19

PHYSICAL REVIEW D64 043505

d(d—1)
¢=0f dy 2 . (23
4ytt2\2 1+ —Z—dc AL
20%yTT N2y

Here\?=12/2

When ®(¢)#0, by using Eqs(16) and (17), one can
deletef from the equations and we obtain an equation that
contains only the dilaton fielg:

5k k .[d¢ do)\?
Sz 4y(dy) 2y__(_y %2* W’)”
d¢ y?(2k 6 2¢
a2yt 2 G
3 y?(dg)\?
+L—1——(dy @' (¢). (24

We now consider a solvable case where

6 2k

7ts S0(0)= -5 (25
The explicit form, or¢ dependence, ob(¢) can be deter-
mined after solving the equations of motion such as the fol-

lowing:

¢= =6 In(m?y).

Here m? is a constant of integration. The explicit form of

() is

(26)

wheredQ3 corresponds to the metric of a three-dimensional

unit sphere. Suppose thaf(z,o) can be decomposed into
the sum of az-dependent par(z) and ac-dependent part

and therefore 2e#A?g ,,=e?Ao)g . Then, for the unit
sphere k=3),
A(z,0)=A(z,k=3)—In cosho, (20)
for the flat Euclidean spacé€0),
A(z,0)=A(z,k=0)+ o, (2D
and for the unit hyperboloidk= — 3),
A(z,0)=A(z,k=—3)—Insinho. (22)

When ®(¢) =0, there exists the following AdS-like so-
lution of the equations of motiofL2]:

d-1

ds?="f(y)dy?+y 2 g;;(x)dx dxJ,
i,j=0

d(d—1)

f= 2
4y2\? 1+—dC kd
y 2\%y Ny y

T /6

12
()= Tz 4knte 27)

One can also find that E¢L6) is trivially satisfied. Integrat-
ing Eq. (17), we obtain

(28)

Heref, is a constant of integration arfg should be positive
in order thatf be positive for largey. There is a(curvature

singularity aty=0. One should also note that whkr-0, a

horizon appears at

9f,

Sk (29

yyo

and we find

=

=

Y<Yp. (30

B. Brane solutions

In this subsection, we investigate if there is a solution
with a brane including the quantum correction fréfinimass-
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less brane Majorana spinors coupled with the dilaton. For 3N 1IN
simplicity, we consider only the case that the potential is b= 604m)2 b'=— 360472 (38)
constant.

On the brane, one obtains the following equations by thEWe also choosb” =

- 0 as it may be changed by a finite renor-
variations overA and ¢:

malization of the classical gravitational action. In E§6),

. 484 ( . 1 o)) et a one chooses the four-dimensional boundary metric as
=———| d,A—+— = e*A,
167G | 24 g(4)IU,V:eZA§lu,V1 (39)
4 5 5
0=-— %e‘mﬁzqs— 327_rGe4A<I>’(¢;)_ (32)  and we specify the quantities given By, by using a tilde.
G (G) and F (F) are the Gauss-Bonnet invariant and the
With Eq. (27) and the solutior(28), these equations are square of the Weyl tensor, which are given as

1 fo 2kR2 1 kl G=R2_4Rinij+Rijk|Rijkl,
0=>rz\VRa ~ — ot 252 (33
2RVR* 9 2/ 3R 1
F=ZR2—2R;RU+ R R¥. 40
0 fo 2kR® kI o 3 ij ijkl (40)
VR e T 39

For simplicity, we consider a constant potentigdh(¢)

Here we assume that the brane lies/aty, or z=z, The = 0] case. Then the brane equations are
radiusR of the brane is defined bir=¢e*(*0). Equation(34) 48% 1

tells thatk<0 but by combining Eq933) and(34), we find 0=——|d,A— T Ay b’(4(9j‘,A1—16(9(2,A1)
R2=kl?/2. Then there is no consistent classical solution. 16mG

We now consider the case that the matter on the brane is

\ —4(b+b")(d*A,+252A,—6(9,A;)%9%A,), (41
some QFT such as QED or QCD. Of course, such a theory is ( V(TALF 20,81~ 6(0,A1) 05A), (41)

classically a conformally invariant one. As an explicit ex- |4 4
ample, in order to be able to apply a laiyeexpansion we 0=— e"9,p+ =ab' (494A,—1602A,). (42)
suppose that the dominant contribution is dué\tmassless 87G 3
Majorana spinors coupled with the dilaton, whose action is
given by Then one gets
¢ Sk 0= ! 1 K I 1{R*+8b’ 43
S= f Vo@e 2, Wiy'D, v (39 “acl| Vitaret e HRTEY, 49

The case of minimal spinor coupling corresponds to the _ o ,
choicea=0. Note that from Brans-Dicke theory one knows 0=- 877G +32ab’. (44)
that for the Einstein frame the nonminimal dilaton coupling

with the matter is the typical case. Then the trace anomalyote that for minimal spinor coupling the second equation

induced actionV has the following forn{11]: does not have a solution. Equatiofd) can be solved with
respect tcc,
w=b [ a\GRAb [ atx Ay 297+, 9,5
xVGFA; XM vVt c=32x87Gab’, (45)
— _RO2+ E('ﬁyfp‘gﬁﬂ A+| G- zﬁﬁ Al] but the boundary value, of ¢ becomes a free parameter.
3 3 3 We should also note that in the classical case that0,
5 there is no solution for Eq$43) and(44). From Eq.(44), we
— —{b"+=(b+b") find c=0 if b’=0. Then, if we putc=0 andb’=0 in Eq.
12 3 (43), there is no solution.
o B B When the dilaton vanishex€0) and the brane is the
xf d“x[R—GDA1—6(VMA1)(V“A1)]2. (36)  unit sphere k=3), Eq.(43) reproduces the result of R¢B]
for /=4 SU(N) super-Yang-Mills theory in the case of the
Here largeN limit where b’ is replaced by— N%/4(4)?2:
ad R? R® R* GN?
A1:A+? (37 6 1+ |—2= |—4+ 813 (46)
and Let us define a functiofr (R,c) as
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1 kIZ 17¢
F(R,C)= Gl( 1+W+W_1)R4’ 47 S1=~ 15 Gfd“X(adﬂ‘”sw@

Tt <1>(¢))

(54)
which appears on the right-hand siRHS) in (43).
For the k>0 case,F(R,c) has a minimum aR=R,, A. Bulk solution in the string frame

whereR, is defined by In the bulk, the variation ovep gives the following equa-

B 8k|2 . k2|4 2|2C2 4 tion of motion:

" 3R: Ry 3RS (48) 4 12
When k>0, there is only one solution foR,. Therefore
F(R,c) in the case wherk>0 (sphere cagds a monotoni- 53,23 1 4 53 8a 1
cally increasing function oR whenR>R, and a decreasing X ¢ O (p)(a ) ?VM g‘w‘ﬁ

function whenR<R,. SinceF(R,c) is clearly a monotoni-
cally increasing function o€, we find for thek>0 andb’ +aV (4 g). (59
<0 case thaR decreases whemnincreases iR>Ry; that is,

the nontrivial dilaton makes the radius smaller. We can also On the other hand, the variation over the megit’ gives

find that there is no solution fdR in Eq. (43) for very large 1 a
c. 0= a¢R(5)+ 3¢ 9, " p— §¢8#¢ L)
We can consider th&<0 case. Whert=0, there is no
solution forRin Eq. (43). We can find, however, that there is 12
a solution if|c| is large enough: izt e(e) (a¢)5/3}9(5)w+ apRs),,—aV ,d,¢
| ,
WG@>—8b : (49 +age),Hot 3¢ﬁﬂ¢> I S 00, (56)

Hence, for a constant bulk potential there is the possibility of;l;gumse’ %‘;n%eésqggg) bvt\j/:ek hz?/léatlons of motion in the string

the quantum creation of a 4D de Sitter or a 4D hyperbolic
brane residing in 5D AdS bulk space. This occurs even for
not exactly conformal invariant quantum brane matter. This 0=- E( adpRs)+
finishes our consideration of quantum induced dilatonic

¢(9M¢ *p— —¢f9ﬂ¢ ¢

brane worlds in the Einstein frame. 12
ST (ag)P+4al]¢. (57)
IV. QUANTUM INDUCED DILATONIC BRANE WORLDS
IN THE STRING FRAME Substituting Eq(57) into Egs.(55) and (56), one obtains
We now transform the brane-world action in the Einstein0= aV#(¢(9”¢)+<I>’(¢)(a¢)5/3 (58

frame[see Eq(11)] into the Jordan frame. If we consider the
scale transformation a 1/12

0=—-aV,d,¢— §g(5)wD b+ adRs),,+ 317z +O(¢)
gp,v_> epgy,vv (50)

X 5/8 +4—a(9 Db =i b 59
with the choice (2 d)>9(5)ur 3¢ PROx 2¢ Wb 9, (59

e(D/Zfl)pza(j, (a is aconstant (51 First, let us consider thé(¢)=0 case. In the Einstein
frame, the solution is given by EQR3). The metricgfs)w in
we find that the actionél?), (13), and(14) are transformed the Jordan frame is obtained with the help of E@€) and
as (51) or, more explicitly,

Us)up X AXY

1
Sen= —16WGJ dSXVg(S)

4a u
Q¢R(5)+ gVﬂ(i)V QS 3

=(ag)” 2/3( f(y)dyz—}—yi JZJO EJij(Xk)dXi dxi |,

a 12 5/3
— 5V V b+ | D) [(ad)*P|, (52
. |2 (60)
1 - cl?® kl%\’
SGH: %f d4X a’d"/ﬁvun”' (53) 4y2( 1+ W+ E)
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I B. Brane solutions in the string frame

¢=Cf dy T oo Having proof of the explicit equivalency of bulk solu-
2\/ 6 14 cl n kl tions, one can analyze the brane. From the actions in Egs.
y 4" oy (52), (53), and(54), the variation ovex gives the following
24y® 3y

equation on the boundary:
One can check directly that the met(&0) satisfies EqS58) AaA
and(59). Although the classical bulk solution in the Einstein . _ I"e {( 8a

4(1(6 I )
d,+ Sa&ZA— ? |—+ Z(D(¢)

frame is equivalent to the one in the Jordan frame, the physi-~ 87G |\ 3¢, @Po
cal interpretation of the spacetime is changed due to the fac- |

tor of (a¢) 2" Since the transformation is conformal, the v 1w_ g 4/3} 65
causal structure of the spacetime is not changed, especially (ado) 4 (#)(ad)™. 9

the situation that there is a curvature singularity &0 that ) ] )
is not changed. Wheg—, however, the spacetime is not Here we choose the metric as in Efj9) and ¢, is the value

asymptotically AdS but the metric behaves as of ¢ on the boundary. The variation ovArgives the follow-
ing equation:
J
075y, dx* dx”
(5)m , 0 4&4 A ¢ aA+aﬂ¢
acl\ =23/ |2 R S = €| adod; 29
N( _ _) dy2+y7’3 2 gij(xk)dxldxj ) 167G 3
e e 1/6 |
(62) ~8 |—+Z‘I’(¢))(a¢o)4’3- (66)
If one defines a coordinateby The coordinate andA in the warp factor are related to those
acl| ~133| in the Einstein framezg andAg, by
T ”

1
dze=(a¢)¥®dz, Ag=A+In(ag). 6
the metric in Eq(61) is rewritten by e=(ad) E 3 (ad) 67

aC )1’2(4 13172 Then Eqgs(65) and (66) are rewritten as
- z

U(s)r AX* dX'~d 22+

4 |4e4AE
3 R ) ) 0= 87TG [_62E¢+a(a¢0)
X > gi(x*)dx dx. (63)

E |84, A 4“(6+|¢(¢)) lcp'(¢)“
Then the warp factor behaves as a powerz,dfistead of the E 314 4 '
exponential function in the Einstein frame. (69)

One can also consider the case that the dilaton potential

1212+ ®(¢) is given by Eq.(27). Using the relationg50) 484 1/6 |
and (51) between the Einstein frame and the Jordan frame, 0= 16ﬂGe4AE(‘9ZEAE_ E(I_+ Z(I)(q‘))”. (69

from Eqgs.(26) and (28), we find the following solution:

9?5) dx* dx” Combining Egs(68) and(69), we obtain
M

_ 4 4R |
=[*a\6In(m?)]~2* e e
1 o S
k
2ky fody2+yij2:0 gij (x)dx dx The obtained equation&9) and (70) are identical to the
- T+ — ' corresponding equatior(81) and(32) without the quantum
y correction, respectively.
Choosing the metric of five-dimensional space-time as in
¢==6 In(m?y). 64 £q 19 P
One can again check that the above solution satisfies Egs. 2\ 2Nz ,
(58) and (59). Then the above result is equivalent to that in ds’=dzZ+eA*7g,,, dx* dx”,
the Einstein frame. Comparing the obtained metric with that _
in the Einstein frame in Eq$26) and(28), there appears the g, dx* dx’=1%(do?+ dQ%), (71

factor of the logarithmic function of, coming from the con-

formal transformation. In other words, the interpretation ofwheredQ3 corresponds to the metric of three-dimensional
the lengths in both frames is different while the solutions areunit sphere, we now include the quantum correction as in Eq.
equivalent. (36):
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) = = =
A 20%+R,, V¥,

A

w=bf d4X\/§T:A+b’J d*x

SR 2 (TR
— 3RO+ 3 (VAR)V,

-~ 2.
A+ G—§DR

b” 2 b b/
+3(b+b")

12

xJ d*x[R-60A-6(V,A)(V+A)]2 (72)
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1 \/ kI? 12¢2
F(R’C)zm 1+ 3(a¢0)2/3R2 + 24(a¢0)8/3R8
X ()R, (79

It appears on the RHS side in EF5).
For the k>0 case,F(R,c) has a minimum aR=R,,
whereR, is defined by
8k . k24 212¢?
3Ry (a)™Ry  3(ado)™RG

(80)

Note that as typically in the Jordan frame there is no non-
minimal dilaton coupling with matter we took minimal When k>0, there is only one solution foR,. Therefore
spinors, i.e.,a=0. Then one obtains the following brane F(R,c) in the case ok>0 (sphere cagdas a monotonically

equationdinstead of Eqs(65) and (66)]:

O_|4€4A 8« BadA da
= 8.G 3750—0@0 Izp+8adA— ==

6 | )
|—+Z‘b(¢>)

+b'(492A—165%A)

I
X(ady) o= 70 ($)(p)*

—4(b+b")[d*A+252A—6(d,A)%52A], (73
484 o 1/6 |
— 4A _ I T 4/3
= 1677Ge a¢0(91A+ 3az¢ 6(' + 4q)(¢))(a¢0) }

4 4 2
+ 3ab' (49,A— 1673A). (74)

For ®(¢)=0 case, substituting the solution in E§0), one
finds

0= ! \/1+ k|2 + IZCZ 1
Gl 3(a¢0)2/3R2 24(C¥¢0)8/3R8

X (apy)*R*+8b’, (75
0— c 1
= T 87G " 7Gldy
X \/l+ k|2 + |2C2 1
3(ago) R 24(apo) R
X (o) °RA, (76)

Combining Eqgs(75) and(76), one gets

0=~ ——n———. (77)

Equation(77) has a nontrivial solution and can be solved

with respect tog,:

647 Gb’
bo=— c (78)

In the classical case that =0, there is no solution for Eq.

(75). Let us define a functiof (R,c) as

increasing function oR whenR>R, and a decreasing func-
tion whenR<R,. SinceF(R,c) is clearly a monotonically
increasing function oft, we find for thek>0 andb’<0
cases thaR decreases whenincreases iR>Ry; that is, the
nontrivial dilaton makes the radius smaller.

Since one finds

kl(ado)?*R3

F(Ro,c)= G (81)
using Egs(79) and(80), Eq. (75 has a solution if
KI( a 2/3R2
L)o =-8b'. (82)

47G

That puts again some bounds on the dilaton value. Woen
is small, using Eq(80), one obtains
2c%(a )3 1 Jc
_2Had) ol
3k?2 47G /3

Therefore Eq.(82) is satisfied for smallc|. On the other
hand, wherc is large, we get

6 Cz(a¢0)76/3
0 4k '

4

0 (83

(kleh?®

RO e

(84)

Therefore Eq.(82) is not always satisfied and we have no
solution forR in Eqg. (43) for very large|c|.

We now consider th&«<0 case. Whert=0, there is no
solution forR in Eq. (75). Let us define another function
G(R,c) as follows:

1%c? kI?

24(a¢0)8/3R8 + 3(a¢0)2/3R2 !

G(R,c)=1+ (85)

Since G(R,c) appears in the root ofF (R,c) in Eq. (79),
G(R,c) must be positive. Then, since

IG(R,C) 12¢c? 2kl12
R 3(agp)®*R% 3(ah) R

(86)

G(R,c) has a minimum
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ki 2k|™ . 1 .,
1+T _CT s (87) S:m J d X\/_g(5) R(5)_§(9ﬂ¢(9 ¢_V(¢)
when
f d*x\=g(4)V; (¢)} (94)
2 —6/3 i= h|d vis
Ro— _ C (ado) (88)
- 2k ' Here By, and B,;s are branes corresponding to hidden and
visible sectors, respectively, and,(¢) corresponds to the
Therefore, if vacuum energies on the branes[ih]. One assumes that
"o U(¢) is dilaton dependent and its form is explicitly given
= Ki® 89 later on from consistency of the equations of motion. The
- 32 dilaton potentialV(¢) is often given in terms of the super-
potential W(¢):
F(R,c) is real for any positive value dR. Since
_[aw)\? 42 o5
g g T8V ©9
F(Oc)= T (90)
mGv24 We assume again that only depends orz and the metric
has the following form:
and whenR— oo,
KI( crgh) 2OR2 ds’=dZ+e?A?g;; dx dx. (96)
™ Here g;; is the metric of the Einstein manifold. We also
there is a solutiomR in Eq. (75) if suppose that th_e hidden and V|3|ble_branes SII’_Sﬂhid and_
z=12s, respectively. Then the equations of motion are given
b
|C\|/_>—8b’. 92 ’ )
TG 24 P +AN P = N, L S(z—7)), (97)
.. . . . . 07¢ i=hid,vis 07¢
This is the same bound as in the Einstein frafpeevious
section. 1
Thus we demonstrated the complete equivalency of quan- AN+ 4(A")>+ E(d’l)z

tum induced inflationaryhyperbolig dilatonic brane worlds
in the Einstein and strin@Jordan frames.

Note that Eq(75) is identical to the corresponding equa- ¢>)— 2 Z Ui(¢)o(z=z), (99
tion (43) in the Einstein frame if we regardy,) "R as the 1 =hid.vis
radiusRg in the Einstein frame:

1
n N2 __ —2A__ =
R=(ar¢bg) " Re. (93 N TAHA)=ke V(¢) o, Vi@ ez,
(99)

Then the solution has properties similar to those in the Ein-

stein frame. Sincé’ is an orderN quantity from Eq.(38),  Here '=d/dz Especially, wherk=0, Egs.(97)—(99) have
Equations(78) and(93) might tell us that the radiuR in the  the following first integrals in the bulk:

Jordan frame is much smaller than the radRgsin the Ein- W .
stein frame ifN is large. In the case that the brane is a sphere, , ,

the brane becomes de Sitter space. Since the rate of the ex- $'=\255. A= ﬁw' (100
pansion is given by R in de Sitter space, the rate might

become much larger if compared with that in the EinsteinNear the branes, Eqf97)—(99) have the following form:
frame whenN is large. Thus, even having a formal equiva-

lency, the physical interpretation of the results obtained in , dUi(e) , Ui(¢)
the Jordan and Einstein frames may be different. ¢~ ¢ 8(z-z), A'~- 6 8(z=1z)
(101
V. BRANE-WORLD BLACK HOLES IN THE STRING
AND EINSTEIN FRAMES or
In analogy with the Randall-Sundrum modé], we now , dUi(9) . Uile)
consider the following classical action of gravity coupled 2¢'~ ap 2AT~— 6 ' (102
with dilaton ¢ in the Einstein frame with Lorentzian signa-
ture: atz=z . Comparing Eqs(102 with Egs.(100), we find

043505-9



NOJIRI, OBREGON, ODINTSOV, AND TKACH PHYSICAL REVIEW D64 043505

. = A = — ) ity and the horizon connect the hidden and visible branes.
Unid 9)=202W(9).  Uus($)==2Y2W(9) (103  These black holes have been discussed in R&.
We now consider the Jordan frame in order to see if the
We should note thak=0 does not always mean that the singularity supportgor break$ equivalency on the classical
brane is flat. As is well known, the Einstein equations arelevel. Using the scale transformation given by E@) and

given by (51) with D=5, the action(94) is rewritten as

1 1 1 4o

— tt
Ry~ 50,RH 5 A0, =TI (104 s 1os | d5x\/_g(5)< «dRey T, 70
Here T,Tﬁ“e’ is the energy-momentum tensor of the matter a ; o
fields. If we consider the vacuum solution whéig:"“=0, - §¢VM¢V d=V(g)(ad)
Eqg. (104) can be rewritten as
A - f L dxV=gy(ad)Ui(e). (11D
R,uV:?gMV . (105) a !

Then, if we choose the metric as in E®6) in the Jordan
If we put A =2k, Eq.(105) is nothing but an equation for the frame and¢ only depends oz again, we obtain the follow-
Einstein manifold. The Einstein manifolds are not alwaysing equations instead of Eq&7), (98), and(99):
homogeneous manifolds like flat Minkowskanti—)de Sitter

space al pd"+4A pd' +(¢')?]
A / Ui(¢) /
dsi=—V(r)dt?+V-(r)dr?+r2dQ? V(r)=1—gr2, ¢(a¢)53 | %’VIS 90 —(ap)*Ps8(z—z7), (112
(106
a CB[AA"+A(A) ]+ 5 ()2 = ($')?
or Nariai space 2 3¢
32_ 1 nz 2 2 2 4a " ! !
dsj=7 (siP xdy?—dy*~d0?), (107 + 5 ($7+AG)
but they can be some black hole solutions like g 2 a3
Schwarzschild¢anti-)de Sitter black holes: =—3V(d)(ag)™ 3 iz% , Jild)(ag)™a(z=2),
ds?=—V(r)dt?+ V- (r)dr?+r2dQ?, (113
= o
vin=1->M_ %rz_ (108 ag[A"+AA) ]+ S (¢"+TA'¢')
r
As a special case, one can also considie=# solution like =kagpe - EV(¢)(Q¢)5/3
Schwarzschild black holes: 3
- o 1
dsj=g; dx dx = > Ui(d)(ah)Bs(z-z). (114
6 i=fid,vis
G,M dr? o . .
=—|1- dt2+ — +r2dQ2. If one transforms the above equations into those in the Ein-
r b stein frame by changing
' 1
(109 A—A— §In(a¢>), (115
In Egs.(108 and(109), M is the mass of the black hole on 13
the brane and the effective gravitational constapton the dz—(ad¢) "dz
three-brandhered=4) is given by "=, (ad) V%,
1 " dzeld-2A (110 —J 23 2.4 Zd’a ,
Gs Glayy . i (ag) 3¢ °

In these solutions, the curvature singularityratO has the then Eqs.(97), (98), and(99), which are the corresponding
form of a line penetrating the bulk 5D universe and the ho-equations in the Einstein frame, are reproduced. Thus we can
rizon makes a tube surrounding the singularity. The singulareonfirm the equivalence between the Jordan frame and the
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Einstein frame description of dilatonic brane-world black parameters, but in the case treated in the present paper, the
holes on the classical level. Their physical interpretation mayension is dynamically determined.
be again different. Let us study the role of a dynamically generated tension
in obtaining massive graviton modes. Moreover, we consider
V1. DISCUSSION a dilatonic brane world. We now regard the brane as an ob-

] ) ject with a tensionJ(¢) and assume that the brane can be
In summary, we discussed AdS/CFT induced quanturréffecﬁvay described by the following action:
dilatonic brane worlds where branes may be a flat, de Sitter

(inflationary or anti—de Sitter universe. Actually, such ob- 1 4

jects appear in frames of the AdS/CFT correspondé#ftas Sorane= — mj d**xV=g@U(e). (A1)
warped compactification of relevant holographic renormal-

ization group flow[5,6]. The role of the free parameter |f one assumes a metric in the form of H49), then using
(brane tensionis played by the effective brane tension pro- the Einstein equation, we find

duced by the conformal anomaly of QFT sitting on the brane.

Hence, only brane quantum effects are considered. We com- ) a4 @(é) U(e)
pared the construction of such quantum dilatonic brane JzA+4(dA)=ke ™+ + —5—— —=—3(2~ 7).
worlds in two frames: the string and Einstein frames. A very (A2)

nice feature of brane worlds is discovered: in all the ex-

amples under consideration the string and Einstein frame$hen, atz= z,,

are equivalent. This holds true also for the number of classi-

cal dilatonic brane-world black holes. This is completely dif- U(¢)

ferent from the case of quantum corrected 4D dilatonic grav- 32A|Z:Zo: B ' (A3)

ity (Sec. l) where a de Sitter universe with a decaying

dilaton exists in the Einstein frame but does not exist in theFor simplicity, we consider the case of the constant dilaton

Jordan frame. potential®(¢)=0. Comparing Eq(A3) with Egs.(41) and
Quantum effects may be useful in other aspects of bran&t3), one gets

worlds. In particular, for flat branes bulk quantum effects

(Casimir force may be estimatefil6—18 and used for ra- 12 967 Gb’

dion stabilization. Unfortunately, in the usual Randall- U(g)=—~1+ TR (Ad)

Sundrum universe such quantum effects actually support the

radion destabilization. Nevertheless, in the case of the thel;Ne should note that the tension becorResependent due to
mal Randall-Sundrum scenar{d9] such quantum effects o quantum correction. In the case of the AdS bier@, if

may not only stabilize the radion but also may provide the,, gijaton is included, the boundary equati@®) does not

necessary mass hierarchyd] (at least, for some tempera- have any solution foR. When there is a nontrivial dilaton

tures. It would be extremel_y interesting to estimate the bulk ;¢ the parametaris large enough, Eq43) has a solution.
quantum effects for dilatonic backgrounds and to understang . g very large

their role(as well as the frame dependence of such a Casimir
effect in the creation of dilatonic brane worlds. c
Another interesting line of research is related to an ac- R4~E+8b’- (A5)
count of quantum effects on graviton perturbations around
the brane. As is demonstrated in a previous section, they may e now consider the perturbation by assuming the metric
modify the massive graviton modes around the hyperbolig, ihe following form:
brane. Clearly, in other regimes for the quantum induced
dilatonic (asymptotically A rane mor mpli - _ 2A - — 3/ v
C (asymp y AdS brane more complicated dy dsz—eZA@)[dngr(gWJre 3A(g)/2hw)dxﬂ dx']. (A6)
namics may be expected.
By choosing the gauge conditiog,“=0 andV*h,,=0,
ACKNOWLEDGMENTS one obtains the following equation:
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h,,=m?h,,. (A7)

Here m? corresponds to the mass of the graviton on the
brane:

(A8)

APPENDIX: REMARKS ON GRAVITATIONAL ( 1
uv:

PERTURBATIONS AROUND THE HYPERBOLIC BRANE U i?) h,U.V: m’h

In [14,15, AdS, branes in Ad$ were discussed and the . _ _ _
existence of a massive normalizable mode of the gravitorlrlerelj is a four-dimensional d’Alembertian constructed on
was found. In these papers, the tensions of the branes are frgg, and the+ (—) sign corresponds to th@nti-)de Sitter
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brane. Since-e&* d/=dz=\/fdy and é=\ly/I, we find, es-
pecially for the case of a constant dilaton potential,

Jd [f(y) sz dy
g_ INTYTT2 \/ 3( 212 k|2)'
y l+fy4+§

(A9)
We now consider the case wherés very large; then,
6y?

Sinceyo,=R?, if there is a brane ag=y,, Eq. (A5) can be
rewritten as

c
ys~—=+8b’".

— (A11)

If we choosel=0 wheny=y,, Egs.(A9) and(A10) give

1 83/2+ _1\/§
B 3y o, §o=m 3y

3/2

32-0.

(A12)

1¢l=

PHYSICAL REVIEW D64 043505

VZo—IZ].

The general solution of EqA13) with m?+0 is given by
the Bessel functions

hw=adolm(Zo—[ZD1+bNe[m(£o—[£D]-

The coefficientsa and b are constants of integration, and
they are determined to satisfy the boundary condition

h,, (A14)

(A15)

1

h,,
M [—0+ 280’

(A16)

Note that the zero-mode solutigA14) satisfies this bound-
ary condition(A16). If b#0, the solution in Eq(A15) di-
verges atl= * ¢, and would not be normalizable. =0,
the condition(A16) reduces to
J1(m¢y)=0, (A17)
that is,
m{,=0,3.837...,7.01%...,... . (A18)

The nonvanishing solutions fon? give the mass of the mas-
sive graviton modes. Thus, these results indicate that 4D
dilatonic gravity on the quantum induced hyperbolic brane

Note that the brane separates two bulk regions correspondiffjay be trapped near the brane.

to {<0 and >0, respectively. Sincg takes the value in
[0yo], £ takes the value ifi—Zy,Zo]. SinceA=3Iny, from

Since{, is given byy, in Eq. (A12) andy, is expressed
by Eg. (A1l1), with the help ofb’, which comes from the

quantum correction and is negative, the quantum correction
makes{, smaller and increases the massive graviton mode
massm. It would be of interest to discuss graviton or dilaton
perturbations around asymptotically hyperbolic branes in
other regimes and to compare the corresponding predictions
in different frames.

Eq. (A7), one gets

;—ié ylh,,=m?h (A13)
20207 ") | M= M N

The zero-mode solution witt? of Eq. (A13) is given by

2
_ag_
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