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String versus Einstein frame in an AdSÕCFT induced quantum dilatonic brane-world universe
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Octavio Obregon,† Sergei D. Odintsov,‡ and Vladimir I. Tkach§

Instituto de Fisica de la Universidad de Guanajuato, Lomas del Bosque 103, Apdo. Postal E-143, 37150 Leon, Gto., Mexic
~Received 28 December 2000; published 23 July 2001!

An AdS/CFT induced quantum dilatonic brane world where the 4D boundary is flat or a de Sitter~infla-
tionary! or anti–de Sitter brane is considered. The classical brane tension is fixed but the boundary QFT
produces the effective brane tension by means of the account of corresponding conformal anomaly induced
effective action. This results in inducing brane worlds in accordance with the AdS/CFT setup as warped
compactification. The explicit, independent construction of quantum induced dilatonic brane worlds in two
frames, the string and Einstein frames, is done. Their complete equivalency is demonstrated for all quantum
cosmological brane worlds under discussion, including several examples of classical brane-world black holes.
This is different from quantum corrected 4D dilatonic gravity where a de Sitter solution exists in the Einstein
but not in the Jordan~string! frame. The role of quantum corrections in massive graviton perturbations around
an anti–de Sitter brane is briefly discussed.
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I. INTRODUCTION

Brane worlds are an alternative to standard Kaluza-Kl
compactification. They naturally lead to the following nic
features of multidimensional theory: trapping of 4D grav
on the brane@1#, resolution of the hierarchy problem, an
possibly the resolution of the cosmological constant pr
lem. Different aspects of brane-world cosmology~for a very
incomplete list of references see@2,3#! are under very active
investigation.

The essential element of the original brane-world mod
is the presence in the theory of two free parameters~a bulk
cosmological constant and brane tension, or brane cos
logical constant!. These parameters are fine-tuned~up to
some extent! in order to construct a successful classic
brane world. This is the most standard prescription wh
may be not completely satisfactory if one wishes to hav
dynamical mechanism of brane tension origin.

From another side, one can fix the classical action
AdS-like space from the very beginning with the help
surface terms added in accordance with the AdS confor
field theory ~CFT! correspondence@4#. Such terms should
make the variational procedure well defined and also t
should eliminate the leading divergence of the action. Br
tension is not considered as a free parameter anymore b
is fixed by the condition of the finiteness of spacetime wh
the brane goes to infinity. In this case, as parameters are
a consistent brane-world scenario is impossible, as a r
However, other parameters may improve the situation w
quantum effects are taken into account. Taking quantum C
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~including quantum gravity! on the brane one adds its con
tribution ~the corresponding conformal anomaly induced
fective action! to the total action. As a result, it changes t
brane tension; the quantum induced brane world occurs
has been discovered in Refs.@5,6#. Actually, this represents
the embedding of warped compactification~brane worlds! to
the AdS/CFT correspondence; hence, one gets AdS/CFT
duced quantum brane worlds@5,6# where the 4D boundary
may be flat or de Sitter or anti–de Sitter spacetime. This
clearly the dynamical mechanism to get a curved bra
world. It is easily generalized for the presence of a nontriv
dilaton; i.e., AdS/CFT induced quantum dilatonic bra
worlds occur@7#. In other words, brane worlds are the co
sequence of the presence of quantum fields on the bran
accordance with the AdS/CFT setup. Moreover, such indu
dilatonic brane worlds are even more related to the AdS/C
correspondence as 5D dilatonic gravity represents
bosonic sector of 5D gauged supergravity~special parametri-
zation!. Even more, the dynamical determination of the 4
dilaton occurs.

In the study of quantum induced brane worlds, in t
same way as for any other dilatonic gravity the followin
question appears: which frame to work with is the physi
one? There are two convenient frames: the string~or Jordan!
frame where scalar curvature explicitly couples with the
laton and the Einstein frame where scalar curvature does
couple with the dilaton. Basically speaking, one should
pect that results obtained in these two frames are not equ
lent.

Indeed, in quantum field theory~QFT! the choice of dif-
ferent variables and~or! form of action corresponds to dif
ferent parametrizations. QFT results are parametrization
pendent; only theS matrix is gauge and parametrizatio
independent.@Even the quantization procedure~for review,
see@8#! is parametrization dependent.# As usually the con-
sideration is one loop, one should expect in many case
explicit parametrization dependence. Moreover, it is kno
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that even for classical dilatonic gravity a~singular! solution
may exist in only one parametrization. Hence, the ques
of frame dependence should be carefully analyzed for
solutions at hand. This is the main purpose of the pres
work: to compare string frame quantum induced dilato
brane worlds with their analogues in the Einstein frame.

In the next section as a simple example, 4D dilato
~Brans-Dicke! theory with largeN quantum spinor correc
tions is considered. In the Einstein frame where the spino
the dilaton coupled one a de Sitter universe solution w
decaying dilaton exists. Working with the same theory in
string ~Jordan! frame where the spinor becomes minim
one finds that the above solution does not exist. Hence,
shown that two frames in 4D dilatonic gravity with quantu
corrections are not equivalent.

In Sec. III we consider the 5D dilatonic gravity actio
with 4D boundary terms induced by a conformal anomaly
the brane, the dilaton coupled spinor. Explicit examples of
Sitter, flat, and anti–de Sitter dilatonic branes are constru
in the Einstein frame. The dynamical mechanism to de
mine the dilaton on the brane is presented. In Sec. IV
same investigation is done in the string frame. The br
spinor is now minimal. The same AdS/CFT induced quant
brane worlds are proved to exist. Hence, for quantum c
rected cosmological dilatonic brane worlds one has
equivalence of string and Einstein frames.

In Sec. V the equivalency of the string and Einste
frames is demonstrated for a number of classical dilato
brane-world black holes. In Sec. VI some remarks on
massive graviton modes around the dilatonic AdS4 brane are
made. The role of brane quantum corrections for mass
graviton modes is clarified. A brief summary and some o
look are given in the final section.

II. JORDAN AND EINSTEIN FRAMES FOR 4D QUANTUM
CORRECTED DILATONIC GRAVITY

In the study of dilatonic gravities the interesting questi
appears, which frame among the few possible ones is
physical one? Basically speaking, there are two conven
frames to work with: the string~or Jordan! frame and the
Einstein frame. These two are related by conformal trans
mation. The best known example is provided by stand
Brans-Dicke theory~with matter!. The four-dimensional ac
tion in the Jordan frame is

SBD5
1

16pE d4xA2gFfR2
v

f
~¹mf!~¹mf!G1SM ,

~1!

wheref is the Brans-Dicke~dilaton! field with v being the
coupling constant andSM is the matter action.

Performing the following conformal transformation and
redefinition of the scalar field,

g̃mn5Gfgmn , f̃5A2v13

16pG
ln~Gf!, 2v13.0,

~2!

one gets the action in the Einstein frame:
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S5E d4xA2g̃~x!F R̃

16pG
2

1

2
~¹̃mf̃!~¹̃mf̃!

1exp~Af̃ !LM~ g̃!G , ~3!

whereA528@ApG/(2v13)#. It is expected that these tw
actions~at least for regular solutions! should lead to equiva-
lent results. However, an explicit consideration shows tha
is not always so~for a review, see@9#!. That is why it was
argued in Ref.@9# that it is the Einstein frame which is th
physical one. Of course, such a state of affairs is not sa
factory.

In quantum field theory the choice of different variabl
corresponds to different parametrizations. It is known t
generally speaking it leads to parametrization dependen
sults: it is only theS matrix which should be the same i
different parametrizations. Of course, this should be t
only in a complete theory where an account of all loops
taken. As usually the consideration is one loop, one sho
expect a parametrization dependence already at one loo

Let us consider an explicit example in the Einstein fram
where quantum corrections are taken into account. As a m
ter Lagrangian we take the one associated withN massless
~Dirac! spinors, i.e.,LM5( i 51

N c̄ ig
m¹mc i . There is no prob-

lem to add other types of matter~say, scalar or vector fields!.
The above choice is made only for the sake of simplicity

We shall make use of the effective action~EA! formalism
~for an introduction, see@10#!. The corresponding 4D
anomaly induced EA for dilaton coupled scalars, vectors,
spinors has been found in Ref.@11#.

Hence, starting from the theory with the action~no clas-
sical background spinors!

S5E d4xA2gF R

16pG
2

1

2
~¹mf!~¹mf!

1exp~Af!(
i 51

N

c̄ ig
m¹mc i G , ~4!

we will discuss Friedmann-Robertson-Walker~FRW-! type
cosmologies:

ds252dt21a~ t !2 dl2, ~5!

wheredl2 is the line metric element of a three-dimension
flat space.

The computation of the anomaly induced EA for the di
ton coupled spinor field has been done in@11#, and the result,
in a noncovariant local form, reads

W5E d4xA2ḡH bF̄s112b8s1F h̄212R̄mn¹̄m¹̄n

2
2

3
R̄h̄1

1

3
~¹̄mR̄!¹̄mGs11b8s1S Ḡ2

2

3
h̄R̄D

2
1

18
~b1b8!@R̄26h̄s126~¹̄ms1!~¹̄ms1!#2J ,

~6!
5-2
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wheres15s1Af/3, the square of the Weyl tensor is give
by F5RmnrsRmnrs22RmnRmn1(1/3)R2, and the Gauss
Bonnet invariant is G5RmnrsRmnrs24RmnRmn1R2.
For Dirac spinorsb53N/60(4p)2, b85211N/360(4p)2.

Then we find the following Einstein frame, quantum co
rected solution whose metric is expressed in the Jor
frame as

dsJ
25aJ

2~h!~2dh21dl2!,

aJ
2~h!5expS 2

f

A2v13

16G
D a2~h!5a0h22z,

z[
1

2H1

A16pG

2v13
11

5
1

A2v13H 2
3

16
A2v136A 9

256
~2v13!2

1

6
J

11

52
1

8
7A81

64
2

6

2v13
. ~7!

Herea0 is an arbitrary constant. On the other hand, one fi
the dilaton fieldfJ in the Jordan frame as

f5f0h (1/H1)[A16pG/~2v13!]5f0h2(z21), f05
1

a0G
.

~8!

Let us analyze the equations of motion in the Jordan fra
~for the form of the transformation to the string frame s
Sec. V!. The variations overf and s give the following
equations:

056~s91s82!e2s2
vf82

f2
e2s22vS f8e2s

f D , ~9!

05
2

16p S 6~s91s82!1
vf82

f De2s

1
6~e2s!9212~s8e2s!8

16p
14b8s-824~b1b8!

3$~s92s82!912„s8~s92s82!…8%. ~10!

Here 8[d/dh. We can check that the solution~7! and ~8!
does not satisfy Eq.~9!. If the solution in the Jordan fram
were equivalent to that in the Einstein frame even at
quantum level, we should haves15sJ[ ln aJ but we have
s15s1Af/35s24/3 lnGfJ andsJ5s21/2 lnGfJ . This
is the origin of the inequivalence. Thus, it is demonstra
that for the universe model under consideration the Jor
04350
n

s

e

e
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and Einstein frames in 4D dilatonic gravity with quantu
corrections are not equivalent. Different parametrizatio
lead to different results~parametrization choice dependence!.
The physical results are expected to be the same only for
S matrix in the full theory~nonperturbative regime!.

III. INFLATIONARY DILATONIC BRANE-WORLD
UNIVERSE IN THE EINSTEIN FRAME

In this section we present a review of quantum induc
dilatonic brane worlds found in Ref.@7#. The model is dis-
cussed in the Einstein frame and using Euclidean notat
This scenario represents an extension to the nonconstan
laton case of the earlier scenario of Refs.@5,6# where quan-
tum brane worlds were realized in frames of the AdS/C
correspondence by adding quantum CFT on the brane to
effective action.

We start with the Euclidean signature actionS which is
the sum of the Einstein-Hilbert actionSEH including the di-
laton f with potential V(f)512/l 21F(f), the Gibbons-
Hawking surface termSGH, and the surface countertermS1,1

S5SEH1SGH12S1 , ~11!

SEH5
1

16pGE d5xAg(5)S R(5)2
1

2
¹mf¹mf1

12

l 2 1F~f! D ,

~12!

SGH5
1

8pGE d4xAg(4)¹mnm, ~13!

S152
1

16pGE d4Ag(4)S 6

l
1

l

4
F~f! D . ~14!

Here the quantities in the five-dimensional bulk spaceti
are specified by the suffices~5! and those in the boundar
four-dimensional spacetime are specified by~4!. The factor
of 2 in front of S1 in Eq. ~11! is coming from the fact that we
have two bulk regions which are connected with each ot
by the brane. It is clear that the above representation co
sponds to the Einstein frame. In Eq.~13!, nm is the unit
vector normal to the boundary.

A. Bulk solutions

In this subsection, we find some explicit solutions in t
bulk space.

We now assume a metric in the form

1We use the following curvature conventions:

R5gmnRmn ,

Rmn5Rl
mln ,

Rl
mrn52Gmr,n

l 1Gmn,r
l 2Gmr

h Gnh
l 1Gmn

h Grh
l ,

Gml
h 5

1

2
ghn~gmn,l1gln,m2gml,n!.
5-3
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ds25 f ~y!dy21y (
i , j 50

3

ĝi j ~xk!dxi dxj , ~15!

andf depends only ony: f5f(y). Hereĝi j is the metric of
the Einstein manifold, which is defined byr i j 5kĝi j , where
r i j is the Ricci tensor constructed withĝi j andk is a constant.
Then we obtain the following equations of motion in th
bulk:

05
3

2y2 2
2k f

y
2

1

4 S df

dy D 2

2S 6

l 2 1
1

2
F~f! D f , ~16!

05
d

dy S y2

Af

df

dy D 1F8~f!y2Af . ~17!

It is convenient to introduce the new coordinatez:

z5E dyAf ~y!. ~18!

By solving y with respect toz, we obtain the warp facto
l 2e2Â(z,k)5y(z). Here one assumes the metric of fiv
dimensional spacetime as follows:

ds25dz21e2A(z,s)g̃mn dxm dxn,

g̃mn dxm dxn[ l 2~ds21dV3
2!, ~19!

wheredV3
2 corresponds to the metric of a three-dimensio

unit sphere. Suppose thatA(z,s) can be decomposed int
the sum of az-dependent partÂ(z) and as-dependent par
and thereforel 2e2Â(z)ĝmn5e2A(z,s)g̃mn . Then, for the unit
sphere (k53),

A~z,s!5Â~z,k53!2 ln coshs, ~20!

for the flat Euclidean space (k50),

A~z,s!5Â~z,k50!1s, ~21!

and for the unit hyperboloid (k523),

A~z,s!5Â~z,k523!2 ln sinhs. ~22!

When F(f)50, there exists the following AdS-like so
lution of the equations of motion@12#:

ds25 f ~y!dy21y (
i , j 50

d21

ĝi j ~xk!dxi dxj ,

f 5
d~d21!

4y2l2S 11
c2

2l2yd1
kd

l2yD ,
04350
l

f5cE dyA d~d21!

4yd12l2S 11
c2

2l2yd1
kd

l2yD . ~23!

Herel2512/l 2.
When F(f)5” 0, by using Eqs.~16! and ~17!, one can

deletef from the equations and we obtain an equation t
contains only the dilaton fieldf:

05H 5k

2
2

k

4
y2S df

dy D 2

1F3

2
y2

y3

6 S df

dy D 2G S 6

l 2 1
1

2
F~f! D J

3
df

dy
1

y2

2 S 2k

y
1

6

l 21
1

2
F~f! D d2f

dy2

1F3

4
2

y2

8 S df

dy D 2GF8~f!. ~24!

We now consider a solvable case where

6

l 2 1
1

2
F~f!52

2k

y
. ~25!

The explicit form, orf dependence, ofF(f) can be deter-
mined after solving the equations of motion such as the
lowing:

f56A6 ln~m2y!. ~26!

Here m2 is a constant of integration. The explicit form o
F(f) is

F~f!52
12

l 2 24km2e7f/A6. ~27!

One can also find that Eq.~16! is trivially satisfied. Integrat-
ing Eq. ~17!, we obtain

f 5
1

2
2ky

9
1

f 0

y2

. ~28!

Here f 0 is a constant of integration andf 0 should be positive
in order thatf be positive for largey. There is a~curvature!
singularity aty50. One should also note that whenk.0, a
horizon appears at

y35y0
3[

9 f 0

2k
~29!

and we find

y<y0 . ~30!

B. Brane solutions

In this subsection, we investigate if there is a soluti
with a brane including the quantum correction fromN mass-
5-4
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less brane Majorana spinors coupled with the dilaton.
simplicity, we consider only the case that the potential
constant.

On the brane, one obtains the following equations by
variations overA andf:

05
48l 4

16pG S ]zA2
1

l
2

l

24
F~f! De4A, ~31!

052
l 4

8pG
e4A]zf2

l 5

32pG
e4AF8~f!. ~32!

With Eq. ~27! and the solution~28!, these equations are

05
1

2R2A f 0

R4 2
2kR2

9
2

1

2l
1

kl

3R2 , ~33!

05A f 0

R4 2
2kR2

9
1

kl

kl
. ~34!

Here we assume that the brane lies aty5y0 or z5z0. The
radiusR of the brane is defined byR5eÂ(z0). Equation~34!
tells thatk<0 but by combining Eqs.~33! and~34!, we find
R25kl2/2. Then there is no consistent classical solution.

We now consider the case that the matter on the bran
some QFT such as QED or QCD. Of course, such a theo
classically a conformally invariant one. As an explicit e
ample, in order to be able to apply a large-N expansion we
suppose that the dominant contribution is due toN massless
Majorana spinors coupled with the dilaton, whose action
given by

S5E Ag(4)e
af(

i 51

N

C̄ ig
mDmC i . ~35!

The case of minimal spinor coupling corresponds to
choicea50. Note that from Brans-Dicke theory one know
that for the Einstein frame the nonminimal dilaton coupli
with the matter is the typical case. Then the trace anom
induced actionW has the following form@11#:

W5bE d4xAg̃F̃A11b8E d4xH A1F2h̃21R̃mn¹̃m¹̃n

2
4

3
R̃h̃21

2

3
~¹̃mR̃!¹̃mGA11S G̃2

2

3
h̃R̃DA1J

2
1

12H b91
2

3
~b1b8!J

3E d4x@R̃26h̃A126~¹̃mA1!~¹̃mA1!#2. ~36!

Here

A15A1
af

3
~37!

and
04350
r
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e
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b5
3N

60~4p!2 , b852
11N

360~4p!2 . ~38!

We also chooseb950 as it may be changed by a finite reno
malization of the classical gravitational action. In Eq.~36!,
one chooses the four-dimensional boundary metric as

g(4)mn5e2Ag̃mn , ~39!

and we specify the quantities given byg̃mn by using a tilde.
G (G̃) and F (F̃) are the Gauss-Bonnet invariant and t
square of the Weyl tensor, which are given as

G5R224Ri j R
i j 1Ri jkl R

i jkl ,

F5
1

3
R222Ri j R

i j 1Ri jkl R
i jkl . ~40!

For simplicity, we consider a constant potential@F(f)
50# case. Then the brane equations are

05
48l 4

16pG S ]zA2
1

l De4A1b8~4]s
4A1216]s

2A1!

24~b1b8!~]s
4A112]s

2A126~]sA1!2]s
2A1!, ~41!

052
l 4

8pG
e4A]zf1

4

3
ab8~4]s

4A1216]s
2A1!. ~42!

Then one gets

05
1

pGl HA11
kl2

3R21
l 2c2

24R821J R418b8, ~43!

052
c

8pG
132ab8. ~44!

Note that for minimal spinor coupling the second equat
does not have a solution. Equation~44! can be solved with
respect toc,

c53238pGab8, ~45!

but the boundary valuef0 of f becomes a free parameter
We should also note that in the classical case thatb850,

there is no solution for Eqs.~43! and~44!. From Eq.~44!, we
find c50 if b850. Then, if we putc50 andb850 in Eq.
~43!, there is no solution.

When the dilaton vanishes (c50) and the brane is the
unit sphere (k53), Eq.~43! reproduces the result of Ref.@6#
for N54 SU(N) super-Yang-Mills theory in the case of th
large-N limit where b8 is replaced by2N2/4(4p)2:

R3

l 3A11
R2

l 2 5
R4

l 4 1
GN2

8p l 3 . ~46!

Let us define a functionF(R,c) as
5-5
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F~R,c![
1

pGl SA11
kl2

3R21
l 2c2

24R821DR4, ~47!

which appears on the right-hand side~RHS! in ~43!.
For the k.0 case,F(R,c) has a minimum atR5R0,

whereR0 is defined by

05
8kl2

3R0
2 1

k2l 4

R0
4 2

2l 2c2

3R0
8 . ~48!

When k.0, there is only one solution forR0. Therefore
F(R,c) in the case wherek.0 ~sphere case! is a monotoni-
cally increasing function ofR whenR.R0 and a decreasing
function whenR,R0. SinceF(R,c) is clearly a monotoni-
cally increasing function ofc, we find for thek.0 andb8
,0 case thatR decreases whenc increases ifR.R0; that is,
the nontrivial dilaton makes the radius smaller. We can a
find that there is no solution forR in Eq. ~43! for very large
ucu.

We can consider thek,0 case. Whenc50, there is no
solution forR in Eq. ~43!. We can find, however, that there
a solution if ucu is large enough:

ucu

pGA24
.28b8. ~49!

Hence, for a constant bulk potential there is the possibility
the quantum creation of a 4D de Sitter or a 4D hyperbo
brane residing in 5D AdS bulk space. This occurs even
not exactly conformal invariant quantum brane matter. T
finishes our consideration of quantum induced dilato
brane worlds in the Einstein frame.

IV. QUANTUM INDUCED DILATONIC BRANE WORLDS
IN THE STRING FRAME

We now transform the brane-world action in the Einste
frame@see Eq.~11!# into the Jordan frame. If we consider th
scale transformation

gmn→ergmn , ~50!

with the choice

e(D/2 21)r5af ~a is a constant!, ~51!

we find that the actions~12!, ~13!, and~14! are transformed
as

SEH5
1

16pGE d5xAg(5)FafR(5)1
4a

3f
¹mf¹mf

2
a

2
f¹mf¹mf1S 12

l 2 1F~f! D ~af!5/3G , ~52!

SGH5
1

8pGE d4x afAg(4)¹mnm, ~53!
04350
o

f
c
r
s
c

S152
1

16pGE d4x~af!4/3Ag(4)S 6

l
1

l

4
F~f! D .

~54!

A. Bulk solution in the string frame

In the bulk, the variation overf gives the following equa-
tion of motion:

05aR(5)2
4a

3f2 ]mf]mf2
a

2
]mf ]mf1

5

3 S 12

l 2 1F~f! D
3a5/3f2/31F8~f!~af!5/32

8a

3
¹mS 1

f
]mf D

1a¹m~f ]mf!. ~55!

On the other hand, the variation over the metricgmn gives

052
1

2 FafR(5)1
4a

3f
]mf ]mf2

a

2
f]mf ]mf

1S 12

l 2 1F~f! D ~af!5/3Gg(5)mn1afR(5)mn2a¹m]nf

1ag(5)mnhf1
4a

3f
]mf ]nf2

a

2
]mf ]nf. ~56!

Thus, one gets the bulk equations of motion in the str
frame. Using Eq.~56!, we have

052
3

2 S afR(5)1
4a

3f
]mf ]mf2

a

2
f]mf ]mf D

2
5

2 S 12

l 2 1F~f! D ~af!5/314ahf. ~57!

Substituting Eq.~57! into Eqs.~55! and ~56!, one obtains

05a¹m~f]mf!1F8~f!~af!5/3 ~58!

052a¹m]nf2
a

3
g(5)mnhf1afR(5)mn1

1

3 S 12

l 2 1F~f! D
3~af!5/3g(5)mn1

4a

3f
]mf ]nf2

a

2
f]mf ]nf. ~59!

First, let us consider theF(f)50 case. In the Einstein
frame, the solution is given by Eq.~23!. The metricg(5)mn

J in
the Jordan frame is obtained with the help of Eqs.~50! and
~51! or, more explicitly,

g(5)mn
J dxm dxn

5~af!2 2/3S f ~y!dy21y (
i , j 50

3

ĝi j ~xk!dxi dxj D ,

f 5
l 2

4y2S 11
c2l 2

24y41
kl2

3y D ,
~60!
5-6
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f5cE dy
l

2Ay6S 11
c2l 2

24y41
kl2

3y
D

.

One can check directly that the metric~60! satisfies Eqs.~58!
and~59!. Although the classical bulk solution in the Einste
frame is equivalent to the one in the Jordan frame, the ph
cal interpretation of the spacetime is changed due to the
tor of (af)22/3. Since the transformation is conformal, th
causal structure of the spacetime is not changed, espec
the situation that there is a curvature singularity aty50 that
is not changed. Wheny→`, however, the spacetime is no
asymptotically AdS but the metric behaves as

g(5)mn
J dxm dxn

;S 2
acl

4 D 22/3S l 2

4y2/3
dy21y7/3 (

i , j 50

3

ĝi j ~xk!dxidxj D .

~61!

If one defines a coordinatez by

z[S 2
acl

4 D 21/33l

4
y2/3, ~62!

the metric in Eq.~61! is rewritten by

g(5)mn
J dxm dxn;dz21S 2

acl

4 D 1/2

~4z/3l )7/2

3 (
i , j 50

3

ĝi j ~xk!dxi dxj . ~63!

Then the warp factor behaves as a power ofz, instead of the
exponential function in the Einstein frame.

One can also consider the case that the dilaton pote
12/l 21F(f) is given by Eq.~27!. Using the relations~50!
and ~51! between the Einstein frame and the Jordan fram
from Eqs.~26! and ~28!, we find the following solution:

g(5)mn
J dxm dxn

5@6aA6 ln~m2y!#22/3

3S 1

2
2ky

9
1

f 0

y2

dy21y (
i , j 50

3

ĝi j ~xk!dxi dxj D
f56A6 ln~m2y!. ~64!

One can again check that the above solution satisfies
~58! and ~59!. Then the above result is equivalent to that
the Einstein frame. Comparing the obtained metric with t
in the Einstein frame in Eqs.~26! and~28!, there appears the
factor of the logarithmic function ofy, coming from the con-
formal transformation. In other words, the interpretation
the lengths in both frames is different while the solutions
equivalent.
04350
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B. Brane solutions in the string frame

Having proof of the explicit equivalency of bulk solu
tions, one can analyze the brane. From the actions in E
~52!, ~53!, and~54!, the variation overf gives the following
equation on the boundary:

05
l 4e4A

8pG H S 8a

3f0
2af0D ]zf18a]zA2

4a

3 S 6

l
1

l

4
F~f! D

3~af0!1/32
l

4
F8~f!~af!4/3J . ~65!

Here we choose the metric as in Eq.~19! andf0 is the value
of f on the boundary. The variation overA gives the follow-
ing equation:

05
48l 4

16pG
e4AFaf0]zA1

a

3
]zf

2
1

6S 6

l
1

l

4
F~f! D ~af0!4/3G . ~66!

The coordinatez andA in the warp factor are related to thos
in the Einstein frame,zE andAE , by

dzE5~af!1/3dz, AE5A1
1

3
ln~af!. ~67!

Then Eqs.~65! and ~66! are rewritten as

05
l 4e4AE

8pG H 2]zE
f1a~af0!

3F8]zE
AE2

4a

3 S 6

l
1

l

4
F~f! D2

l

4
F8~f!G J ,

~68!

05
48l 4

16pG
e4AEH ]zE

AE2
1

6 S 6

l
1

l

4
F~f! D J . ~69!

Combining Eqs.~68! and ~69!, we obtain

05
l 4e4AE

8pG H 2]zE
f2

l

4
F8~f!J . ~70!

The obtained equations~69! and ~70! are identical to the
corresponding equations~31! and ~32! without the quantum
correction, respectively.

Choosing the metric of five-dimensional space-time as
Eq. ~19!,

ds25dz21e2A(z,s)g̃mn dxm dxn,

g̃mn dxm dxn[ l 2~ds21dV3
2!, ~71!

wheredV3
2 corresponds to the metric of three-dimension

unit sphere, we now include the quantum correction as in
~36!:
5-7
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W5bE d4xAg̃F̃A1b8E d4xH AF2h̃21R̃mn¹̃m¹̃n

2
4

3
R̃h̃21

2

3
~¹̃mR̃!¹̃mGA1S G̃2

2

3
h̃R̃DAJ

2
1

12H b91
2

3
~b1b8!J

3E d4x@R̃26h̃A26~¹̃mA!~¹̃mA!#2. ~72!

Note that as typically in the Jordan frame there is no n
minimal dilaton coupling with matter we took minima
spinors, i.e.,a50. Then one obtains the following bran
equations@instead of Eqs.~65! and ~66!#:

05
l 4e4A

8pG H S 8a

3f0
2af0D ]zf18a]zA2

4a

3 S 6

l
1

l

4
F~f! D

3~af0!1/32
l

4
F8~f!~af!4/3J 1b8~4]s

4A216]s
2A!

24~b1b8!@]s
4A12]s

2A26~]sA!2]s
2A#, ~73!

05
48l 4

16pG
e4AFaf0]zA1

a

3
]zf2

1

6S 6

l
1

l

4
F~f! D ~af0!4/3G

1
4

3
ab8~4]s

4A216]s
2A!. ~74!

For F(f)50 case, substituting the solution in Eq.~60!, one
finds

05
1

pGl HA11
kl2

3~af0!2/3R2
1

l 2c2

24~af0!8/3R8
21J

3~af0!4/3R418b8, ~75!

052
c

8pG
1

1

pGlf0

3HA11
kl2

3~af0!2/3R2
1

l 2c2

24~af0!8/3R8
21J

3~af0!4/3R4. ~76!

Combining Eqs.~75! and ~76!, one gets

052
c

8pG
2

8b8

f0
. ~77!

Equation ~77! has a nontrivial solution and can be solv
with respect tof0:

f052
64pGb8

c
. ~78!

In the classical case thatb850, there is no solution for Eq
~75!. Let us define a functionF(R,c) as
04350
-

F~R,c![
1

pGl HA11
kl2

3~af0!2/3R2
1

l 2c2

24~af0!8/3R8
21J

3~af0!4/3R4. ~79!

It appears on the RHS side in Eq.~75!.
For the k.0 case,F(R,c) has a minimum atR5R0,

whereR0 is defined by

05
8kl2

3~af0!2/3R0
2

1
k2l 4

~af0!4/3R0
4

2
2l 2c2

3~af0!8/3R0
8

. ~80!

When k.0, there is only one solution forR0. Therefore
F(R,c) in the case ofk.0 ~sphere case! is a monotonically
increasing function ofR whenR.R0 and a decreasing func
tion whenR,R0. SinceF(R,c) is clearly a monotonically
increasing function ofc, we find for thek.0 and b8,0
cases thatR decreases whenc increases ifR.R0; that is, the
nontrivial dilaton makes the radius smaller.

Since one finds

F~R0 ,c!5
kl~af0!2/3R0

2

4pG
, ~81!

using Eqs.~79! and ~80!, Eq. ~75! has a solution if

kl~af0!2/3R0
2

4pG
<28b8. ~82!

That puts again some bounds on the dilaton value. Whenucu
is small, using Eq.~80!, one obtains

R0
4;

2c2~af0!24/3

3k2l 2
, F~R0 ,c!;

1

4pG

ucu

A3
. ~83!

Therefore Eq.~82! is satisfied for smallucu. On the other
hand, whenc is large, we get

R0
6;

c2~af0!26/3

4k
, F~R0 ,c!;

~kucu!2/3

44/3pG
. ~84!

Therefore Eq.~82! is not always satisfied and we have n
solution forR in Eq. ~43! for very largeucu.

We now consider thek,0 case. Whenc50, there is no
solution for R in Eq. ~75!. Let us define another function
G(R,c) as follows:

G~R,c![11
l 2c2

24~af0!8/3R8
1

kl2

3~af0!2/3R2
. ~85!

Since G(R,c) appears in the root ofF(R,c) in Eq. ~79!,
G(R,c) must be positive. Then, since

]G~R,c!

]R
52

l 2c2

3~af0!8/3R9
2

2kl2

3~af0!2/3R3
, ~86!

G(R,c) has a minimum
5-8
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11
kl2

4 S 2
2k

c2 D 1/3

, ~87!

when

R652
c2~af0!26/3

2k
. ~88!

Therefore, if

c2>
k4l 6

32
, ~89!

F(R,c) is real for any positive value ofR. Since

F~0,c!5
ucu

pGA24
, ~90!

and whenR→`,

F~R,c!→ kl~af0!2/3R2

6pG
,0, ~91!

there is a solutionR in Eq. ~75! if

ucu

pGA24
.28b8. ~92!

This is the same bound as in the Einstein frame~previous
section!.

Thus we demonstrated the complete equivalency of qu
tum induced inflationary~hyperbolic! dilatonic brane worlds
in the Einstein and string~Jordan! frames.

Note that Eq.~75! is identical to the corresponding equ
tion ~43! in the Einstein frame if we regard (af0)1/3R as the
radiusRE in the Einstein frame:

R5~af0!21/3RE . ~93!

Then the solution has properties similar to those in the E
stein frame. Sinceb8 is an orderN quantity from Eq.~38!,
Equations~78! and~93! might tell us that the radiusR in the
Jordan frame is much smaller than the radiusRE in the Ein-
stein frame ifN is large. In the case that the brane is a sphe
the brane becomes de Sitter space. Since the rate of th
pansion is given by 1/R in de Sitter space, the rate migh
become much larger if compared with that in the Einst
frame whenN is large. Thus, even having a formal equiv
lency, the physical interpretation of the results obtained
the Jordan and Einstein frames may be different.

V. BRANE-WORLD BLACK HOLES IN THE STRING
AND EINSTEIN FRAMES

In analogy with the Randall-Sundrum model@1#, we now
consider the following classical action of gravity coupl
with dilaton f in the Einstein frame with Lorentzian signa
ture:
04350
n-

-

e,
ex-

n

n

S5
1

16pG F E d5xA2g(5)S R(5)2
1

2
]mf ]mf2V~f! D

2 (
i 5hid,vis

E
Bi

d4xA2g(4)Ui~f!G . ~94!

Here Bhid and Bvis are branes corresponding to hidden a
visible sectors, respectively, andUi(f) corresponds to the
vacuum energies on the branes in@1#. One assumes tha
U(f) is dilaton dependent and its form is explicitly give
later on from consistency of the equations of motion. T
dilaton potentialV(f) is often given in terms of the super
potentialW(f):

V5S ]W

]f D 2

2
4

6
W2. ~95!

We assume again thatf only depends onz and the metric
has the following form:

ds25dz21e2A(z)g̃i j dxi dxj . ~96!

Here g̃i j is the metric of the Einstein manifold. We als
suppose that the hidden and visible branes sit onz5zhid and
z5zvis , respectively. Then the equations of motion are giv
by

f914A8f85
]V

]f
1 (

i 5hid,vis

]Ui~f!

]f
d~z2zi !, ~97!

4A914~A8!21
1

2
~f8!2

52
1

3
V~f!2

2

3 (
i 5hid,vis

Ui~f!d~z2zi !, ~98!

A914~A8!25ke22A2
1

3
V~f!2

1

6 (
i 5hid,vis

Ui~f!d~z2zi !.

~99!

Here 8[d/dz. Especially, whenk50, Eqs.~97!–~99! have
the following first integrals in the bulk:

f85A2
]W

]f
, A852

1

3A2
W. ~100!

Near the branes, Eqs.~97!–~99! have the following form:

f9;
]Ui~f!

]f
d~z2zi !, A9;2

Ui~f!

6
d~z2zi !

~101!

or

2f8;
]Ui~f!

]f
, 2A8;2

Ui~f!

6
, ~102!

at z5zi . Comparing Eqs.~102! with Eqs.~100!, we find
5-9
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Uhid~f!52A2W~f!, Uvis~f!522A2W~f!.
~103!

We should note thatk50 does not always mean that th
brane is flat. As is well known, the Einstein equations
given by

Rmn2
1

2
gmnR1

1

2
Lgmn5Tmn

matter. ~104!

Here Tmn
matter is the energy-momentum tensor of the mat

fields. If we consider the vacuum solution whereTmn
matter50,

Eq. ~104! can be rewritten as

Rmn5
L

2
gmn . ~105!

If we put L52k, Eq.~105! is nothing but an equation for th
Einstein manifold. The Einstein manifolds are not alwa
homogeneous manifolds like flat Minkowski,~anti–!de Sitter
space

ds4
252V~r !dt21V21~r !dr21r 2 dV2, V~r !512

L

6
r 2,

~106!

or Nariai space

ds4
25

1

L
~sin2 x dc22dx22dV2!, ~107!

but they can be some black hole solutions li
Schwarzschild–~anti–!de Sitter black holes:

ds4
252V~r !dt21V21~r !dr21r 2dV2,

V~r !512
G̃4M

r
2

L

6
r 2. ~108!

As a special case, one can also consider ak50 solution like
Schwarzschild black holes:

ds4
2[g̃i j dxi dxj

52S 12
G̃4M

r
D dt21

dr2

S 12
G̃4M

r
D 1r 2 dV2.

~109!

In Eqs.~108! and ~109!, M is the mass of the black hole o
the brane and the effective gravitational constantG4 on the
three-brane~hered54) is given by

1

G4
5

1

GE
zhid

zvis
dze(d22)A. ~110!

In these solutions, the curvature singularity atr 50 has the
form of a line penetrating the bulk 5D universe and the h
rizon makes a tube surrounding the singularity. The singu
04350
e

r

s

-
r-

ity and the horizon connect the hidden and visible bran
These black holes have been discussed in Ref.@13#.

We now consider the Jordan frame in order to see if
singularity supports~or breaks! equivalency on the classica
level. Using the scale transformation given by Eqs.~50! and
~51! with D55, the action~94! is rewritten as

S5
1

16pGE d5xAg(5)S afR(5)1
4a

3f
¹mf ¹mf

2
a

2
f¹mf ¹mf2V~f!~af!5/3D

2 (
i 5hid,vis

E
Bi

d4xA2g(4)~af!4/3Ui~f!. ~111!

Then, if we choose the metric as in Eq.~96! in the Jordan
frame andf only depends onz again, we obtain the follow-
ing equations instead of Eqs.~97!, ~98!, and~99!:

a@ff914A8ff81~f8!2#

5
]V

]f
~af!5/31 (

i 5hid,vis

]Ui~f!

]f
~af!4/3d~z2zi !, ~112!

af@4A914~A8!2#1
a

2
f~f8!22

4a

3f
~f8!2

1
4a

3
~f91A8f8!

52
1

3
V~f!~af!5/32

2

3 (
i 5hid,vis

Ui~f!~af!4/3d~z2zi !,

~113!

af@A914~A8!2#1
a

3
~f917A8f8!

5kafe22A2
1

3
V~f!~af!5/3

2
1

6 (
i 5hid,vis

Ui~f!~af!4/3d~z2zi !. ~114!

If one transforms the above equations into those in the E
stein frame by changing

A→A2
1

3
ln~af!, ~115!

dz→~af!21/3dz

S 8[]z→~af!1/3]z

95]z
2→~af!2/3S ]z

21
]zf

3f
]zD D ,

then Eqs.~97!, ~98!, and ~99!, which are the correspondin
equations in the Einstein frame, are reproduced. Thus we
confirm the equivalence between the Jordan frame and
5-10
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Einstein frame description of dilatonic brane-world bla
holes on the classical level. Their physical interpretation m
be again different.

VI. DISCUSSION

In summary, we discussed AdS/CFT induced quant
dilatonic brane worlds where branes may be a flat, de S
~inflationary! or anti–de Sitter universe. Actually, such o
jects appear in frames of the AdS/CFT correspondence@4# as
warped compactification of relevant holographic renorm
ization group flow @5,6#. The role of the free paramete
~brane tension! is played by the effective brane tension pr
duced by the conformal anomaly of QFT sitting on the bra
Hence, only brane quantum effects are considered. We c
pared the construction of such quantum dilatonic bra
worlds in two frames: the string and Einstein frames. A ve
nice feature of brane worlds is discovered: in all the e
amples under consideration the string and Einstein fra
are equivalent. This holds true also for the number of cla
cal dilatonic brane-world black holes. This is completely d
ferent from the case of quantum corrected 4D dilatonic gr
ity ~Sec. II! where a de Sitter universe with a decayi
dilaton exists in the Einstein frame but does not exist in
Jordan frame.

Quantum effects may be useful in other aspects of br
worlds. In particular, for flat branes bulk quantum effec
~Casimir force! may be estimated@16–18# and used for ra-
dion stabilization. Unfortunately, in the usual Randa
Sundrum universe such quantum effects actually support
radion destabilization. Nevertheless, in the case of the t
mal Randall-Sundrum scenario@19# such quantum effects
may not only stabilize the radion but also may provide
necessary mass hierarchy@19# ~at least, for some tempera
tures!. It would be extremely interesting to estimate the bu
quantum effects for dilatonic backgrounds and to underst
their role~as well as the frame dependence of such a Cas
effect! in the creation of dilatonic brane worlds.

Another interesting line of research is related to an
count of quantum effects on graviton perturbations arou
the brane. As is demonstrated in a previous section, they
modify the massive graviton modes around the hyperb
brane. Clearly, in other regimes for the quantum induc
dilatonic ~asymptotically! AdS brane more complicated dy
namics may be expected.
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APPENDIX: REMARKS ON GRAVITATIONAL
PERTURBATIONS AROUND THE HYPERBOLIC BRANE

In @14,15#, AdS4 branes in AdS5 were discussed and th
existence of a massive normalizable mode of the grav
was found. In these papers, the tensions of the branes are
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parameters, but in the case treated in the present pape
tension is dynamically determined.

Let us study the role of a dynamically generated tens
in obtaining massive graviton modes. Moreover, we consi
a dilatonic brane world. We now regard the brane as an
ject with a tensionU(f) and assume that the brane can
effectively described by the following action:

Sbrane52
1

16pGE d4xA2g(4)U~f!. ~A1!

If one assumes a metric in the form of Eq.~19!, then using
the Einstein equation, we find

]z
2A14~]zA!25ke22A1

4

l 2 1
F~f!

3
2

U~f!

6
d~z2z0!.

~A2!

Then, atz5z0,

]zAuz5z0
52

U~f!

12
. ~A3!

For simplicity, we consider the case of the constant dila
potentialF(f)50. Comparing Eq.~A3! with Eqs.~41! and
~43!, one gets

U~f!52
12

l
1

96pGb8

R4
. ~A4!

We should note that the tension becomesR dependent due to
the quantum correction. In the case of the AdS branek,0, if
no dilaton is included, the boundary equation~43! does not
have any solution forR. When there is a nontrivial dilaton
and the parameterc is large enough, Eq.~43! has a solution.
If c is very large,

R4;
c

pG
18b8. ~A5!

We now consider the perturbation by assuming the me
in the following form:

ds25e2Â(z)@dz21~ ĝmn1e23Â(z)/2hmn!dxm dxn#. ~A6!

By choosing the gauge conditionshm
m50 and ¹mhmn50,

one obtains the following equation:

S 2]z
21

9

4
~]zÂ!21

3

2
]z

2ÂDhmn5m2hmn . ~A7!

Here m2 corresponds to the mass of the graviton on
brane:

S ĥ6
1

R2Dhmn5m2hmn . ~A8!

Hereĥ is a four-dimensional d’Alembertian constructed o
ĝmn and the1 (2) sign corresponds to the~anti–!de Sitter
5-11
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brane. Since2eA dz5dz5Af dy and eA5Ay/ l , we find, es-
pecially for the case of a constant dilaton potential,

z52E dyAf ~y!

y
52

l 2

2
E dy

Ay3S 11
c2l 2

24y4 1
kl2

3y
D

.

~A9!

We now consider the case wherec is very large; then,

f ~y!;
6y2

c2 . ~A10!

Sincey05R2, if there is a brane aty5y0, Eq. ~A5! can be
rewritten as

y0
2;

c

pG
18b8. ~A11!

If we choosez50 wheny5y0, Eqs.~A9! and ~A10! give

uzu52
1

ucuA
8

3
y3/21z0 , z0[

1

ucuA
8

3
y0

3/2.0.

~A12!

Note that the brane separates two bulk regions correspon
to z,0 and z.0, respectively. Sincey takes the value in
@0,y0#, z takes the value in@2z0 ,z0#. SinceA5 1

2 ln y, from
Eq. ~A7!, one gets

S 2]z
22

1

4~ uzu2z0!2 2
1

z0
d~z! Dhmn5m2hmn . ~A13!

The zero-mode solution withm2 of Eq. ~A13! is given by
v
a

.

e

.

0435
ing

hmn5Az02uzu. ~A14!

The general solution of Eq.~A13! with m25” 0 is given by
the Bessel functions

hmn5aJ0@m~z02uzu!#1bN0@m~z02uzu!#. ~A15!

The coefficientsa and b are constants of integration, an
they are determined to satisfy the boundary condition

]zhmn

hmn
U

z→01

52
1

2z0
. ~A16!

Note that the zero-mode solution~A14! satisfies this bound-
ary condition~A16!. If b5” 0, the solution in Eq.~A15! di-
verges atz56z0 and would not be normalizable. Ifb50,
the condition~A16! reduces to

J1~mz0!50, ~A17!

that is,

mz050,3.8317 . . . ,7.0155 . . . , . . . . ~A18!

The nonvanishing solutions form2 give the mass of the mas
sive graviton modes. Thus, these results indicate that
dilatonic gravity on the quantum induced hyperbolic bra
may be trapped near the brane.

Sincez0 is given byy0 in Eq. ~A12! andy0 is expressed
by Eq. ~A11!, with the help ofb8, which comes from the
quantum correction and is negative, the quantum correct
makesz0 smaller and increases the massive graviton mo
massm. It would be of interest to discuss graviton or dilato
perturbations around asymptotically hyperbolic branes
other regimes and to compare the corresponding predicti
in different frames.
.
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